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Abstract
The purpose of this addendum is to clarify two shortcomings in the paper of the title.
© 2008 Elsevier Inc. All rights reserved.
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It has been pointed out in [1] that there are difficulties with two of our original arguments
in [3].
Firstly, in the proof of Theorem 3.1, take E to be a subset X of non-zero finite measure. Let
f = 1E , so f ∗ ∈ L1(X) by hypothesis. Set h = f ∗  f . Then h is a bounded right uniformly
continuous function, lying in L1(X) by hypothesis. Further, for x ∈ G, h(x) = λ(E ∩ Ex−1), so
take U = {x ∈ G: h(x) > 0} and argue as before.
Secondly, the appeal to [4] and [5] in Theorem 5.1 to get an expansion for the projection
satisfying (i) and (ii) overlooks the fact that these results preclude the case p = 2. In the case
p = 2, the orthogonal projection onto B certainly satisfies (ii) for any choice of an orthonormal
basis (yn) in B . But (i) need not hold.
✩ We thank Matthew Daws for kindly communicating to us his concerns before the review, and the referee for providing
the elegant proof of Proposition 0.4.
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so that a|yn|p = b|y∗n |q or some constants a, b, which gives the supports are the same. The
remark about singleton supports is spurious and should be ignored.
As we show below, Theorem 5.1 remains true in the case p = 2. We need some properties
of closed subalgebras of 2(Λ). The following gives much more than we require, but is of some
interest in its own right.
0.1. Proposition. Let 1 p < ∞, and let B be a closed subalgebra of p(Λ). Define M to the
collection of subsets S of Λ minimal subject to the condition that 1S ∈ B . Then J = {1S : S ∈M}
is a family of orthogonal idempotents with span dense in B , and
B =
{
x ∈ p(Λ): x is constant on each S ∈M and zero off
⋃
{T : T ∈ M}
}
.
In particular, any closed ideal in B is the kernel of its hull.
Proof. Let x ∈ B be non-zero. Since x ∈ p , |x| attains its maximum on some finite set Sx ; by
scaling assume this maximum is 1. Take ε > 0, and consider {xλ: λ ∈ Sx} as a subset of the
unit circle. By [2, Theorem 26.14] there is a non-zero integer k such that |xkλ − 1| < ε for each
λ ∈ Sx . Since |x−kλ − 1| = |xkλ − 1| < ε, we may suppose that k > 0. It follows that there is a




{0, λ /∈ Sx,
1, λ ∈ Sx,
as j → ∞. This convergence is dominated by |x|, and so it follows that 1Sx ∈ B . Thus M is a
well-defined collection of finite subsets of Λ, and each Sx is the union of finitely many elements
of M. Set
J = {1S : S ∈M}.
By minimality, S∩S′ = ∅ for S,S′ ∈ M, S 	= S′, so that distinct elements of J have disjoint sup-
port. Take x ∈ B non-zero. Then Sx =⋃qj=1 S(j) for some S(1), . . . , S(q) ∈ M. Take λ1 ∈ S(1)
and set y = x1S(1) − xλ11S(1) ∈ B . If x in not constant on S(1), then y ∈ B is non-zero, with
Sy = S(1) \ {λ1}, contradicting the minimality of S(1). It follows that x is constant on each of
the sets S(j). Thus by subtracting an element of spanJ , x becomes zero on its previous max-
imum set. Repeating this process, it follows that x lies in the closure of spanJ . Thus J is a
family of orthogonal idempotents with span dense in B . In fact, for x ∈ B , setting αS(x) to be





the series being absolutely convergent in norm. The final statements of the proposition are now
clear (in the case of an ideal, the elements of M must be singletons). 
0.2. Corollary. Any closed subalgebra of p(Λ) is closed under conjugation.
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of B such that each supp eν is finite, and for ν 	= μ, supp eμ ∩ supp eν = ∅.
Proof. Normalizing the elements of J gives the required orthonormal basis. 
In the case that Λ is countable, then J is countable, and Corollary 0.3 gives an expression for
the orthogonal projection onto B which satisfies the conditions (i) and (ii) of Theorem 5.1.
The argument is completed by the following elementary result that must be well known, but
we have been unable to find a proof in the literature.
0.4. Proposition. Let K be a closed subspace of a Hilbert space H . Then the only norm one
projection of H onto K is the orthogonal one.
Proof. Let Q : H → K be a norm one projection. Let x ∈ (kerQ)⊥, so that 〈x, x − Qx〉 = 0.
That is, ‖x‖2 = 〈x,Qx〉  ‖x‖2 so that x = Qx by Cauchy–Schwarz inequality. Thus
(kerQ)⊥ ⊆ K , and hence K ⊆ kerQ. It follows immediately that Q is the orthogonal projection
onto K , as required. 
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